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Abstract

We introduce Morton and Silverman’s Uniform Boundedness Conjecture in arithmetic
dynamics and discuss some of Poonen’s work on the particular case of degree 2 maps of P*.
In particular we go over the full proof of the results in [Po098], introducing the necessary
number-theoretic techniques that get used.
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1 Introduction

NoBR NI |

This minor thesis revolves around Morton and Silverman’s Uniform Boundedness Con-
jecture for morphisms ¢ : PN — PN, Falling within the realm of arithmetic dynamics, it
showcases the sorts of questions one ends up asking which would not make sense in a more

general dynamical context.

The precursor to the conjecture is Northcott’s theorem [Nor50] on the finiteness of the set
of rational pre-periodic points for such morphisms ¢. In section 2, we discuss this theorem and

its proof based on the theory of heights of points in PV,



After stating the conjecture and emphasizing its difficulty, the majority of the minor thesis
is devoted to the discussion of a positive result of Poonen in the direction of the conjecture
concering the family of quadratic polynomials £.(z) = z° + ¢ [P0098]. We will see how the
question of whether such an f; can admit a pre-periodic point of a certain type translates into
the number-theoretic problem of finding rational points on certain algebraic curves.

The end result is that Poonen is able to give a list of the possible graph types PrePer( f;, Q)
can exhibit — assuming the conjectural result that f, may not admit a rational point with period
m > 4. The main theorem is 4.3, and section 4 is devoted to its proof. Along the way, we use a
number of results on the rational points of certain elliptic and modular curves.

In the final section 5 we pull out all the stops to count the rational points on a particular
genus 2 curve C. This rational point count is a key ingredient in the proof of theorem 4.3 and
requires some sophisticated number-theoretic machinery. We run through a descent argument
on the Jacobian of C and apply a method of Chabauty and Coleman to effectively control the
number of rational points on C.

2 Northcott’s theorem

In this section we discuss Northcott’s theorem on pre-periodic points of morphisms of
PN over number fields. This serves to illustrate the difference in flavour between arithmetic
dynamics and more traditional complex dynamics. We also find it essential to motivate the
uniform boundedness conjecture of Morton and Silverman.

Our main reference throughout is chapter 3 of [Sil07].

Definition 2.1. Let ¢ : X — X be any map. Then PrePer(¢, X) is the set of points of X with
finite forward orbit under ¢, i.e.

PrePer(¢, X) ={x € X:Am+n>n >0 st ¢ (x) =¢"(x)}.
Remark. Here and in the following, ¢" stands for the n-fold iterate of ¢.

Theorem 2.2 [Nor50]. Fix a number field K and let ¢ : PN — PN be a morphism of degree
d > 2 defined over K. Then the set PrePer (¢, PN (K)) of pre-periodic K -points of ¢ is finite.

This is in contrast with the situation over an algebraically closed field, e.g. the complex
numbers C. For example, the solutions to ¢™(x) = x are given by the intersection in PN x PN
of the diagonal Ap~ and the graph of ¢™. Counted with multiplicity, there are hence d™ + 1
such solutions over C. We find that ¢ has points with arbitrarily large period.

The proof of theorem 2.2 is based on the theory of heights of points in PN (K). The height
of P € PN(K) is meant to be a measure of its arithmetic complexity. For example, it carries
information about the primes that occur in the homogeneous coordinates of P.

We prepare by introducing some terminology from number theory.

Definition 2.3. The set Mg of standard absolute values on Q contains

« one Archimedean absolute value: the restriction of the usual absolute value on R
|x|o = max{x, —x},
« and, for each prime p, the p-adic absolute value
|E) = pr(O-1p(@)
blp

where v, is the p-adic valuation: 9”@ is the highest power of p dividing a.
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Definition 2.4. Let K be a number field. The set My of standard absolute values on K consists
of those absolute values on K whose restriction to Q is standard.

Definition 2.5. Let K be a number field and let v € Mg. Then the local degree of v is given by
ny, = [Ky : Ql,
where K,, Q, denote the respective completions of K, Q with respect to v.
We are now ready to define the height function Hk.

Definition 2.6. Let P € PV (K) have homogeneous coordinates (xp : - - - : xy), with x; € K.
Then the height of P relative to K is

Hg(P) = n max { [x0lys-- s %N, }nu.

veMg

Remark. One shows this definition is independent of the choice of homogeneous coordinates
for P. The key fact one needs is that for all non-zero a € K, one has [] ¢y, la[;° = 1.
This identity also serves to prove that Hx(P) > 1 for all P.

Example 2.7. Let us consider the situation for K = Q. Then given P € P (Q), we can find
homogeneous coordinates (xy : - - - : xn) for P where the x; are integers and have no common
prime factor.

It follows that for each prime p, all of the |x;|, are at most 1, and that equality is attained
for some j. Hence the formula for H(P) := Hg(P) reduces to

H(P) = max{|x0|oo,..., [N | oo }

The key properties of the height function Hx : PN (K) — R we will use to prove Northcott’s
theorem are summarised in the following proposition.

Proposition 2.8. Let K be a number field. Then

(i) given B > 0, the set
{P € PN(K) : Hk(P) < B}

of points in PN (K) of height at most B is finite, and

(ii) moreover if ¢ : PN — PN is a morphism of degree d defined over K, then there are
constants C1,C, > 0 such that for all P € PN(K),

CiHg (P)? < Hx(¢(P)) < C;Hk (P)%.

Proof. Given example 2.7, part (i) is easy to establish over Q. For the proof in the case of a
general number field K, see chapter 3 of [Sil07]. The idea is to reduce to the case K = Q by
considering the minimal polynomials of the coordinates of P € PN (K).

Let us prove (ii) in the case K = Q.

The morphism ¢ is represented by a tuple (fp,..., fy) of homogeneous polynomials of
degree d with coefficients in Q and no common factor. Clearing denominators, we may assume
all the coefficients of the f; are in Z.

Now fix P € PN with homogeneous coordinates (xq : --- : xy), where the x; € Z have
no common prime factor. Let M; > 0 be a constant greater in absolute value than all of the
coefficients appearing in the f;. Then for each i we have the bound

N+d d
fiCxo .o xn)] < ( ) )Mz (og% 1)
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where (N;d) is the number of monomials of degree d in N + 1 variables.

By assumption, the f;(x, ..., xy) are all integers. They may have a common prime factor,
but we can still deduce the bound

H(¢(P)) < CH(P)?

with the constant C; = (N;d) M.
For the bound in the other direction, we need to use the assumption that ¢ is a morphism
out of PV, That is, that the common zero locus of fo, -, fnin PN is empty.

Warning. This is not merely the statement that there is no Q-rational point at which the f; all
vanish! Put this way, what we use is that there is no point of PV (Q) at which the £; all vanish.

By the Nullstellensatz, we have \/(fo, ..., fv) = (Xo, ..., Xn) as ideals in Q[Xj, ..., Xy]. So
there are e > 1 and g;; € Q[XG, ..., Xn] homogeneous of degree e — d such that

N
X¢ =" Gk
i=0

Clearing denominators, we can find a € Z with

N
aXf =" giih, ()
i=0

and where the g;; now have integer coefficients.

Let P € PN have homogeneous coordinates (x; : - - - : xy) as above. Let b € Z be the ged
of the fi(xo, ..., xn). Observe that by (x), we have the uniform bound |b| < |a|. And let M; > 0
be greater in absolute value than all of the coefficients appearing in the g;;. We obtain

bl <N (V) ay (max gl) T ((ma 1 )
al |x; max |x; max |fi(xo, ..., %
= d—e "ogjen o<icn IO N

N N+d-e
B d—e

)Muﬂmﬁewuﬂmm»

Taking the maximum of the left-hand-side over j, moving terms around, the inequality
CH(P)? < H(¢(P))

follows, with

1
Ci=——7F——. O

N (N my

Remark. Part (ii) of proposition 2.8 is a statement about the geometric significance of the
function Hg. Of note is the fact that the bound Hg(¢(P)) < C,Hk(P)? holds under the
assumption just that ¢ be a rational map defined at P, and not necessarily a morphism.

Given these properties of Hg, the proof of theorem 2.2 is quite easy.

Proof of theorem 2.2. If Hg (P)*"! > 1/C;, then using the lower bound in proposition 2.8 we see
that the sequence of heights Hx (¢"(P)) diverges to infinity.

It follows that the elements of PrePer(¢, PN (K)) are of bounded height. By the first part of
proposition 2.8, the theorem follows. O



3 The Conjecture

Given a particular morphism ¢ : PY — PN of degree d > 2 defined over K, the proof of
proposition 2.8 gives an explicit way to compute the values of the constants Cy, C,. From this,
we can obtain quantitative bounds on the size of PrePer(¢, PN (K)). This is of course quite
sensitive to the coefficients of the morphism ¢ in question.

Nevertheless, Morton-Silverman put forward the following conjecture: no matter which ¢
one takes, the size of PrePer (¢, PY (K)) should be controlled by the degree of ¢ alone.

Conjecture 3.1 [MS94]. Fix integersd > 2, N > 1 and D > 1. Then there is a constant C(d, N, D)
such that for all number fields K with [K : Q] < D and all morphisms ¢ : PN — PN of degree d
defined over K, we have the uniform bound

# PrePer (¢, IPN(K)) < C(d,N,D).

This is a very strong uniformity conjecture. Very little is known about it and positive results
are sparse. In section 4 we will see how results of Poonen and others can be used to attack a
certain family of quadratic maps on P,

Remark. The only non-trivial family of maps for which the conjecture is known to hold is the
family of Lattés maps. A map ¢ : P! — P! is Lattés if it arises as a quotient of an affine map
L : E — E on an elliptic curve E under a cyclic group action.

Writing E(C) = C/A, the simplest example would be to take the multipication-by-2 map
L(z) = 2z, together with the Z/2Z-action on E via z + —z. The pre-periodic points of the
resulting degree 4 Lattés map ¢ : P! — P! are the images of the torsion points of E under
the quotient map E — P!. The uniform bounds on the size of PrePer(¢, P!(K)) then come
from important results of Mazur [Maz77] and Merel [Mer96] on the size of the torsion groups
Eiors(K) of elliptic curves over number fields K.

4 The family f.(z) =z + ¢

Conjecture 3.1 remains quite intractable. Even for the family of quadratic polynomials
fi(z) =2 +c, ceqQ,

we have no uniform bound on the number of pre-periodic rational points. A first step would
be a proof of the following [FPS97].

Conjecture 4.1. If n > 4, then there is no quadratic polynomial f(z) € Q[z] with a rational
point of exact period n.

This conjecture has been proven for n = 4 [Mor98] and n = 5 [FPS97].

Another approach towards constraining the dynamics over Q of this family is taken
in [Po098]. Observe that the set of rational pre-periodic points PrePer(f;, Q) is naturally
made into a directed graph by f.. Poonen restricts the possible graph types that occur.

In general, Poonen studies which values of ¢ admit pre-periodic points of a given type. For
example, the possibility of a 3-cycle and a 2-cycle occurring at the same time is ruled out. To
state the results, we use the following terminology.

Definition 4.2. Let ¢ : X — X be any map, m > 1, n > 0. We say x € X is a pre-periodic point
of type my, if x enters an m-cycle after n iterations of ¢. That is, if ¢"(x) is a periodic point with
exact period m while any ¢* (x) with k < n is not periodic.



Theorem 4.3 [P0098]. Let f.(z) = z? +c. Write PrePer*(f;, Q) for the subgraph of PrePer(f., Q)
consisting of those pre-periodic points of types m, withm < 3.
Then, generically, PrePer*(f;, Q) is one of the following:

[ the empty graph | if f. has no rational points of period m < 3, eg.c =1,

Q Q if f. has rational fixed points but neither rational type 1,
' ' nor period 2 points, e.g. ¢ = —=3/4,

oY if f. has rational points of period 2 but neither rational
S fixed nor type 2, points, e.g. c = =7/4,

if f. has both rational fixed points and rational points

O of period 2, e.g. c = —21/16,

>._.@ ._Q if f. has rational points of type 15, e.g. ¢ = —10/9,

>~—>O<—o if fc has rational points of type 2, e.g. c = —=13/9,

o—r/> if f. has rational points of period 3, e.g. c = —301/144.

Other than these, there is a finite number of exceptional values of ¢ for which PrePer* (£, Q)
is not covered by the above. These graphs are

Q ._Q forc=0, ._,Q forc=1/4,
0

1/2

- e . - _
6—»—>Q .—>Q force 2, ,\_/(-)4— forc 1,

>._.Q forc=-29/16.

~3/4 \



The proof of theorem 4.3 is composed of a number of smaller lemmas. The general idea
throughout is that pairs (c, t) with c € Q and 1 : G — PrePer*(f;, Q) an embedding of G as a
subgraph correspond to rational points on a suitable algebraic curve C;(G).

In a few cases, C;(G) has genus 0 and it is an easy task to parametrize its rational points.
Other times C;(G) is recognised as birational to an elliptic curve and Poonen can refer to the
extensive literature on rational points of elliptic curves.

In further cases yet, C;(G) is recognized as birational to a genus 2 modular curve. Thanks
to important results in arithmetic geometry, one is then able to effectively control the number
of rational points on C;(G) and deduce results about the behaviour of PrePer*(f;, Q). This is
also the method used in [Mor98] to rule out the presence of rational points of period 4.

However, when studying the behaviour of rational type 3, points, the resulting genus 2
curve C;(G) is not modular. To compute its rational points, [Po098] follows the approach
in [FPS97] of performing descent on the Jacobian of C;(G) to bound its rank to then apply a
refinement of a method of Chabauty and Coleman.

The remainder of this section follows [Po098] unless indicated otherwise.

4.1 Periodic points

First we have some results telling us the values of ¢ for which f; has a rational point of
period m with m < 3, and how many of each kind can occur at one time.

Lemma 4.4 [WR%4].

(i) The map f; has a rational fixed point if and only if ¢ = i — p? for some p € Q. In this case,
there are exactly two of them at * + p, except when p = 0, where they coincide.

(i) The map f. has a rational point of period 2 if and only if ¢ = —% — o2 for some non-zero
o € Q. In this case, there are exactly two of them at —% + 0.

Proof. In each case we seek the roots of a quadratic equation, namely

x*—x+c=0 for part (i), and

2
xX)—x
L =x*+x+(c+1)=0 for part (ii).
Je(x) —x
The only subtle point is that the equations share a root if ¢ = —%; the common root being
X = —%. This is what rules out ¢ = 0 in part (ii) of the statement. O

The characterisation of those values of ¢ for which f: has a rational point of period 3 is
slightly more involved.

Lemma 4.5 [WR9%4; Mor92]. The map f. has a rational point of period 3 if and only if

P +20° +4r* + 83 + 9% + 47 + 1
472(T +1)2

Cc =

for some € Q \ {—1,0}. In this case, there are exactly three such points at

+2rt+1+1 —r—1 P +2r%+31+1

. XpE————, X3 =
2r(t+1) 2 2r(t+1) ’ 2r(t+1)

X1 =

Proof. Checking that for such c the given x; form a rational 3-cycle is a matter of computation.
That all rational 3-cycles of f; arise in this way is an elementary manipulation [WR%4].



What is harder to pin down is the fact that there can be no more than one rational 3-cycle
for a given value of c. Theorem 3 of [Mor92] establishes that the degree 6 polynomial

folx) —x

P =

never splits completely over Q.

So in the case where f; has a rational 3-cycle as above, @ 1. (x) is the product of 3 linear
factors and an irreducible degree 3 piece. This concludes the proof. Put another way, f. does
have another 3-cycle over C, say; it is simply not contained in Q. O

Remark. Just for fun, here is the cubic polynomial whose irreducibility for all r € Q \ {-1,0} is
asserted by the second part of the proof of lemma 4.5:

O+ (P2t -r-1)x°

+ (-2t —14’ — 1777 —671 - 1) x
+ (-7 =208 =17 =92 — 197 + 267° + 2172 + T + 1) .

Lemma 4.6 [Po098]. The map f. has both a rational fixed point and a rational point of period 2

if and only if

3ut +10p% +3
cC=——""T"—"——
4(p? - 1)°

forsome p e Q\ {-1,0,1}.

Proof. By lemma 4.4, such c give rise to a rational point (p, o) on

1 2_ 3 2
il

This is a conic with a rational point at (1,0), so we can parametrise it via y = 1?Tp. The general
rational solution becomes

1—p? 1= p?

peq,

giving ¢ of the desired form.
The values y = +1 are ruled out since they correspond to points at infinity on the conic.
And p = 0 is ruled out since it has o = 0 and hence no rational 2-cycle. O

Lemma 4.7 [Po098]. If the map f. has a rational point of period 3, then it does not have either a
rational fixed point or a rational point of period 2.

Proof. Assume first that f; has both a rational fixed point and a rational point of period 3. Then
by lemmas 4.4, 4.5, we get a rational point (p, 7) on

9 P +2r° + 4t + 800 + 9t +4r + 1
472(7 +1)* ’

After some manipulation, we find that (z, 2z(z + 1)p) is a rational point on the curve
C: y2:x6+2x5+5x4+10x3+10x2+4x+1. (%)

It turns out, remarkably, that C is a model for the modular curve X;(18). One result in the
landmark paper [Maz77] of Mazur is that the only rational points on the modular curves Xj (m)
with m = 11 or m > 13 are the rational cusps.



For the case at hand, this gives exactly 6 rational points on X (18). Now, since the degree
of the right-hand side in (x) is even, we read off that C has 2 points at infinity in its smooth
model — consider the map to P! given by projection onto the x-coordinate. Since the leading
coefficient of this right-hand side is a square, these points are rational, and we can also spot

(-1,+£1) and (0,+1).

It follows that these are all the rational points on C.
Since 7 = —1,0 are ruled out by lemma 4.5, this establishes that f. cannot have both a
rational fixed point and a rational point of period 3.
If, instead, we assume f. has rational points with periods both 2 and 3, we get a rational
solution (o, 7) to
, 20 +4rt + 800 + 97 + 4T+ 1
472(7 +1)?

and from this that the point (7, 27(7 + 1)0) lies on

C' P =x"+2x +x* +2x° + 6x* +4x + 1.
This time C’ is birational to X;(13), which has again 6 cusps. After spotting
(-1,+1) and (0,%1)

on C’, the above argument rules out f; having rational points with periods both 2 and 3 and
completes the proof. O

4.2 An aside on modular curves

It is worth pausing after the appearance of the modular curves X;(13), X;(18) in the above
proof. Let us give some brief exposition on their definition and what the original motivation
for working with them in [Maz77] was.

Definition 4.8. The modular group T is the quotient SL(2, Z) /{+Id}.

The group I acts on the upper half plane H c C by fractional linear transformations. The
quotient space I'\H is canonically made into a Riemann surface and classifies elliptic curves
over C. Indeed, here 7 € H corresponds to E; := C/A; where A, is the lattice Z & Zr. The
curves E;, E;» are isomorphic precisely when 7, 7’ are related via the action of T..

One can extend I' to act on the extended upper half plane H* := H U Q U {co}. The result
is that the Riemann surface X (1) := I'\H* is a compactification of the above moduli space by
adding a single cusp at infinity (I" acts transitively on Q U {oo}).

Going further, one observes X (1) has genus 0. The j-invariant gives an explicit isomorphism
with P! and is used to build a model X (1), defined over Q. An elliptic curve defined over Q
yields a rational point on X(1)g.

Warning. This is not important for our discussion, but one should note X(1)q is not in any
sense the moduli space of elliptic curves over Q. The issue is that an isomorphism of elliptic
curves over C does not translate to one over Q.

Now we introduce the congruence subgroups I'(N),I1(N) c T.

Definition 4.9. The principal congruence subgroup of level N is

r(N)::{(‘c’ Z)el“:azdzl,bzczo (modN)}.
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The related group I7(N) is given by

I(N) = {(Ccl Z)el":azdzl, c=0 (modN)}.

The significance of these subgroups is the following. Given 7 € H, we can build not only the
curve E,, but also give it extra structure. We can for example remember the pair (E;, & + A;)
of an elliptic curve together with a point of order N for the group structure. The statement
then is that 7, 7’ are related via the action of I'; (N) if and only if the corresponding pairs are
isomorphic.

The quotient space X;(N) = I'1(N)\H" becomes a moduli space for elliptic curves with
level structure. It classifies elliptic curves together with an element of order N in the group
law. An important point is that in general Q U {co} will split into several orbits under the
action of I'; (N). The corresponding points on X;(N) are the so-called cusps and correspond to
degenerations of elliptic curves.

Remarkably, as was the case with X (1), the modular curve X;(N) admits a canonical model
over Q. The function field of X; (N) is generated over C by two elements satisfying a polynomial
equation with Z coeflicients. Now an elliptic curve E defined over Q carrying a rational point
of order N in the group law determines a rational point on the resulting X; (N)g.

Mazur’s result [Maz77] that the only rational points on X;(N)g for N = 11 or N > 13
are the cusps translates into the statement that an elliptic curve E over (2 cannot have such
Z|NZ as a subgroup of E(Q). It is surprising to see these curves appear in the study of the
periodic points of f.(z) = z? + ¢, and moreover ruling out the presence of certain subgraphs G
of PrePer( f;, Q) just as Mazur rules out the presence of subgroups of E(Q).

4.3 Pre-periodic points

We return to the proof of theorem 4.3. First off we deal with the cases where z = 0 is a
pre-periodic point of f, — this is behind most of the exceptional graphs of theorem 4.3. We
then start to look at what sorts of rational pre-periodic points f;. can admit.

Lemma 4.10. The only values of ¢ € Q for which 0 is a pre-periodic point of f. are c = —2,—1,0.

Proof. If c is not an integer, say with the prime p in its denominator, then the orbit of 0 diverges
to infinity p-adically. And similarly, if |c| > 2, one checks that this time the orbit diverges to
infinity in the usual absolute value.

Checking the remaining finitely many values of ¢ completes the proof. O

Lemma 4.11. Outside of the cases covered by lemma 4.10, there is a bijection between the rational
points of period m of f. and its rational pre-periodic points of type m;.

Proof. If x is a rational pre-periodic point of type my, then it follows that f]"(x) # x is the other
element of Q mapping to f:(x) under f.. From the form of f; it follows that

f'M(x)=-x, x#0.

The lemma follows: the desired bijection sends a rational type m; point to its negative. ]

Now let us see what the consequences of having a rational point of type 1, are. This is the
first time we encounter an example of C;(G) with genus 1.
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Lemma 4.12 [Po098]. The map f; has a rational point of type 1, if and only if

~2(n® +1)
c=——
(n* = 1)
for somen € Q \ {—1,1}. In this case there are exactly two such points at
2n
r=x=+ ,
N’ -1

except when n = 0, where they coincide.
In this case f, does not have a rational point of period 2.

Proof. Let r # 0 be a rational point of type 1, for f.. By lemma 4.11, f.(r) = r?+c is the negative
of a fixed point of f,. Without loss of generality, write ¢ = i - p? cf. lemma 4.4 and

rP+i-pt=—(3+p).

This is the equation for a conic with a rational point at (r, p) = (0, —%) So just as we did in
lemma 4.6, introducing the parameter = ﬁ gives the general rational solution as
2

2n _ 772+3
- 2n?-1)

and with ¢ of the desired form.

The values n = +1 are ruled out since they correspond to the points at infinity on the conic.
And n = oo is ruled out since it gives r = 0 which is covered by lemma 4.10.

Next we consider the possibility of there being further rational type 1, points. Any other
such point s would have to map to the negative of the other fixed point:

sS+i-p'==(3-p)
from which
9 -n*+2n?+3
R
Let t = s(5? — 1) to get a rational point on the curve
C:t'=-n*+2n*+3.
We read off the genus of C as 1. Since (5,t) = (1, 2) is a rational point on C, it follows that C is

birational to an elliptic curve. One can explicitly show that the desired curve is

3

E,y yZ:x —x?+x.

This is curve 24A4 in Cremona’s tables [Cre92], where we read off that E»4(Q) has order 4.
These rational points correspond to (,t) = (1, +2) on C. Since = +1 was ruled out above,
it follows that there can be no such additional rational type 1, point s.

It remains to show that there can be no rational point of period 2 in the presence of the
rational type 1, point r. If so, lemma 4.6 gives p € Q \ {-1,0, 1} such that

3pt+10p% +3 s
and hence a rational solution to
St +14p% -3

2 1
r‘=—(5+p)—c=
e a(g — 1)

11



Let t = 2r(p?® — 1)2 to get a rational point on the curve
C’' @ t* =5u" +14% - 3.

Once again, this has genus 1 and a rational point at (y,t) = (1,4). So C’ is birational to an
elliptic curve. The elliptic curve in question is

Eis : P +xy+y=x"+x°

This is curve 15A8 in [Cre92], where we read off that E;5(Q) has order 4. Since we already
have the rational points (y,t) = (£1,+4) on C’, and p = +1 is ruled out above, it follows that
there can be no rational point of period 2 as desired. m]

The next lemma is the analogue of 4.12 for type 2, points.
Lemma 4.13 [Po098]. The map f. has a rational point of type 2, if and only if
—vi-2v¥ -2 +2v-1
(v2-1)°

for somev e Q\ {-1,0,1}. In this case there are exactly two such points at

Cc =

v+ 1
v2—1

Moreover in this case f;. does not have a rational fixed point.

r=+

Proof. Given the similarity between parts (i) and (ii) of lemma 4.4, it’s not surprising that the
proof is essentially the same as that of 4.12. We will not go into detail.

Identifying the values of ¢ giving a rational point of type 2, corresponds to parametrising
the rational points on a suitable genus 0 curve.

Showing that there can be no more than two such points comes from a study of the rational
points of an elliptic curve, this time 40A3 in [Cre92].

And finally, ruling out the presence of a rational fixed point also comes from a count of
rational points on an elliptic curve, namely 17A4 of [Cre92]. ]

The end is within sight. Elliptic curves make an appearance in the following lemma too.
Lemma 4.14 [Po098]. The map f. does not have rational points of type 1, or 2, withn > 3.

Proof. Tt is enough to rule out rational points of type 15 or 2s.
Suppose q is a rational type 15 point for f;. Then by lemma 4.12, thereisn € Q \ {-1,1}
such that

2n —2(n*+1)
c=—=

2
+c= .
! n* -1 (n2 - 1)°

Hence

2P +n*—n+1)
(72 = 1)°
so that if t = q(n* — 1) then we obtain a rational point on the elliptic curve
C:tr=2+n*-n+1).

A linear change of variables lets us recognise C as curve 11A3 in [Cre92], where we read
off that C has 5 rational points. These are: the point at infinity, and (7, t) = (1, +2).
Since n = +1 is ruled out, it follows that f, does not admit such a point q.
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The argument ruling out a rational point of type 25 is similar, using lemma 4.13 instead. If
q is a candidate rational type 23 point, we find v € Q \ {—1,0, 1} such that
vi+1 —vi-21¥ -2 +2v -1

> c=
vi-1 (v2—1)°

¢ +c=-

This yields the same equation (x) above, at which point we’re done.

Remark. Note that the change of variables v — —1/v leaves ¢ unchanged and flips the sign of
the type 2, point that ¢ maps to. So the case

¢ +c=
is covered by the above. O
The following is the last lemma completing the proof of theorem 4.3.

Lemma 4.15. The map f. has a rational point of type 3, if and only if ¢ = —29/16. The graph
given in the statement of theorem 4.3 is the full PrePer(f;, Q) for this value of c.

Proof. If r is a rational type 3, point of f;, then r? + ¢ is the negative of a rational period 3 point.
By lemma 4.5, we find 7 € Q \ {-1, 0} such that, without loss of generality,
P+2rf+r+1 T +20° +4r* + 800 + 9% + 4T + 1

rP+c=-— , c= 5
2r(r+1) 4r2(r + 1)

We obtain
, -2t +2r 4572 420+ 1

re= >
4r%(t + 1)

and hence deduce that (7, 2rz(r + 1)) is a rational point on the curve
C:vyP=xt-2x"+2x° +5x% +2x+1.
We claim that C has exactly 8 rational points: two of them oo, at infinity, and
(0,£1), (1,£3), (—1,+1).
We devote section 5 to the proof of this fact. With 7 = —1, 0 ruled out this leaves
T=1, 2rr(t+ 1) = £3,

which is the case ¢ = —29/16.

The computation of the full graph PrePer( f;, Q) in this case is as follows.

Let x € PrePer(f;, Q). If |x|, > 4, then the orbit of x diverges to infinity in the 2-adic
absolute value. Likewise |x|, < 1 for all other primes p. And if |x| > 2 then the orbit of x
diverges to infinity in the usual absolute value. This leaves finitely many values of x on which
to compute f. and completes the proof. ]

With this lemma, the proof of theorem 4.3 is complete! It remains only to fill in the gap
in the proof of lemma 4.15 — we are to count the rational points on the genus 2 curve C.
Unfortunately, unlike in lemma 4.7, C is not related to any modular curve X;(N) and we have
to work by hand to bound the size of C(Q).

13



5 Counting rational points on the genus 2 curve C

In this section we go over the argument in [P0o098] proving that the curve
C:y?=gx), gx)=x-2x"+2x>+5x* +2x + 1

has exactly 8 rational points, as discussed in lemma 4.15.

It is a landmark result of Faltings [Fal83] that a curve of genus g > 2, defined over a number
field K, has finitely many K-rational points. For our particular curve C, this fact can be deduced
from earlier work of Chabauty [Cha41]. Their result is in terms of the Jacobian variety J: if the
rank of J(K), as an abelian group, is less than g, then C(K) is finite.

Coleman [Col85] goes on to turn Chabauty’s method into an effective technique for giving
quantitative bounds on #C(K). In [FPS97], this is refined and nails down the number of Q-
rational points on their curve Cy(5) of interest. This is how they are able to prove no polynomial
fe(z) = z% + ¢ has a rational point of period 5.

Our first step then is to bound the rank of J(Q) via a descent argument. In fact, we will
prove that J(Q) = Z in 5.2. The main idea is to find a suitable map out of J(Q) whose kernel
approximates 2J(Q) and whose image we can control using p-adic methods.

Once this is done, in 5.3 we study the image of C(Q) in J(Q) under a suitable Albanese
map j. For each point of the reduction C([F3), we find a patch U; of J(Q3) modelled on a 3-adic
disc and a power series 0;(n) € Z3[n] such that points in the image of j within U; are zeros of
8;. Our control of the rank of J(Q) implies that the U; cover the image of j. So using a standard
theorem of Strassman to bound the number of zeros of the 6; will complete the proof.

5.1 The curve Cy(5)

As mentioned previously, the method in this section comes from [FPS97], where it is used
to count the rational points on
Co(5) : P =x%—2x" +2x° +5x* + 2x + 1.

The curve Cy(5) arises as a quotient of C;(5), the genus 14 curve classifying period 5 points of
the family £.(z) = z% + c. The equation for C;(5) in the (z, ¢) plane is

f@-z_,
fi@) -z

c.f. the proof of lemma 4.5. The observation is that o : (z,¢) — (2 + ¢, ¢) defines an order-5
automorphism of C;(5). Rational points on C;(5) get sent to rational points on the quotient

Co(5) = C1(5) /(o).

So bounding #C(5) leads directly to a bound on #C;(5) and is what enables [FPS97] to rule
out the presence of rational points of period 5 for the family f.

q)5,fc (Z) =

Remark. Rational points on C;(5) generically correspond to rational points of period 5 for the
family f;. It is an instructive aside to understand what precisely rational points on Cy(5) mean.
Let P : Spec(Q) +— Cy(5) be a rational point on Cy(5).
This admits a lift to a Q point of C;(5). Fix such a point P as below.

Spec(Q) L Ci1(5)

l |

Spec(Q) -, Co(5)
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Now if we act on Spec(Q) via Gal(Q/Q), this may change P but the resulting point must
remain in the fiber of P under 7. The result is that the fiber of P corresponds not necessarily to
a 5-cycle of f; consisting of rational points, but in general could give a 5-cycle whose elements
are Galois conjugate elements of Q.

5.2 Descent on the Jacobian J(C)

We won’t give a careful definition of the Jacobian J := J(C) as an abelian variety over Q.
We refer to [Mil86] for details. Important for us will be the following concepts.

Definition 5.1. A Q-rational divisor on C is a finite Z-linear of Q-points on C
D= Z npP, P e C(Q),
which is stable under the action of Gal(Q/Q).

Definition 5.2. A Q-rational divisor class on C is a linear equivalence class of Q-divisors on C
which is stable under the action of Gal(Q/Q). That is, [D] defines a Q-rational divisor class if
for any o € Gal(Q/Q), the divisors D and o(D) are linearly equivalent.

It is important to think carefully through what the above definitions mean. However, it is a
pleasant fact that when C(Q) is non-empty (as is the case for us), any Q-rational divisor class
may be represented by a Q-rational divisor.

And now, the Jacobian ] is an abelian variety over Q whose set of Q-points J(Q) consists
of the degree zero Q-rational divisor classes on C. Familiar from complex algebraic geometry
is the fact that the dimension of J coincides with the genus g of C.

Remark. If K is a general field of characteristic 0, the above definitions modify in the obvious
way to give the notion of a K-rational divisor (class) and we have a similar understanding of
the K points of the Jacobian J.

For our first result on J(Q) we need the concept of reduction mod p for C and J. Observe
that the equation for C has integer coefficients. So we can just as well reduce mod p throughout
and view it as the equation for a curve over [,.

More generally, note one of the advantages of projective space over affine space is that we
have a well-defined map PV (Q) — PN (Fp): given a point P, find homogeneous coordinates
for it (xo : - - - : xn) with the x; in Z and having no common factor c.f. example 2.7.

This reduction map sends varieties over Q to varieties over [F,. However it need not preserve
properties such as irreducibility or smoothness. This motivates the following definition.

Definition 5.3. We say p is a prime of good reduction for C if we can find a model for C in PV
such that the reduced curve C over [, is irreducible, non-singular.

For example, the discriminant of g(x) = x® — 2x* + 2x> + 5x% + 2x + 1 is —2!? - 743, from
which it follows that for any finite prime p ¢ {2,743} the curve C has good reduction. (In fact,
one can also find a suitable model for which the 2-reduction is good.)

Proposition 5.4 [Po098]. The torsion subgroup J(Q),.,s is trivial.

Proof. We will use the reduction maps J(Q) — J(F,) for well-chosen primes p.

The important fact we need is that if p is a prime of good reduction for C and J, the reduction
map J(Q) — J(F,) is injective on torsion (see the appendix in [Kat80], for example).

And computing the size of J([F,) is a finite problem we can ask our computer to do.

Now: #J([F3) = 27 and #J([Fs5) = 43. Since gcd(27,43) = 1, the proposition follows. O
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Recall that the curve C has two rational points at infinity co, in the non-singular model.
We distinguish these by letting the rational function y/x* take values +1 at co... Consider the
divisor co, — co_. From proposition 5.4 we deduce that D = [co, — co_] has infinite order in
J(Q), so this last group has rank at least 1.

Our aim now is to show that J(Q) = Z by proving that # J(Q)/2J(Q) = 2.

Definition 5.5. Let K be a field of characteristic 0 and write Ly = K[T]/(g(T)). Let D = ) npP
be a divisor on C of degree zero, and whose support does not contain co, or any point with
zero y-coordinate. Then we set

x-T)D) = [ xr-D)™ € I,
P

where xp are the x-coordinates of the points P.

Remark. Here Lg need not be a field, if g(T) fails to be irreducible over K. However, in the
particular case L := Lg we do get a field.

It is shown in [FPS97] that this definition extends to a map (x —T) : J(K) — L /LI*<2K -
We have left K general because we will use (x — T) both for Q and the completion Q743.

Since (x — T) maps into a 2-group, its kernel contains 2J(K). Our next result is that the
index of 2J(K) in ker(x — T can be effectively computed in terms of the behaviour of g(T) over
K. This allows us to translate information about J(K)/2J(K) into information about ker(x —T),
and viceversa.

Proposition 5.6 [FPS97]. The index of 2J(K) inker(x — T) is either

« 1, if g(T) has a root over K or if the roots of g(T) in K admit a Gal(K/K)-stable decompo-

sition into two indistinguishable 3-element subsets {a;,, i, ai, }, {@i,, i, i }, or

o 2, otherwise.

Proof. For the proof we fix a K-point P of C : y? = g(x). [Cas83] shows that ker(x — T) is
generated by 2J(K) and the divisor class [2P — co, — co_].

It follows that the index of 2J(K) in ker(x — T) is at most 2, and that it equals 2 precisely
when [2P — ooy — co_] is not in 2J(K). Now it’s a matter of going over the 16 divisor classes in
J(K) with double [2P — co, — co_] and seeing under which conditions they are K-rational.

If a1, . . ., g are the roots of g(T) over K, one checks that these 16 elements of J(K) are

e [P+ (a;,0) —00y —oo_] for1 <i <6,and
o [P+ (a1,0) + (2j,0) + (o, 0) — 200, — 200_] for 1 < j < k < 6.
For example, [2(a;, 0) — 0o, — co_] = 0 by considering the rational function x — «;, whence
2[P + (@;,0) — 004 —o0o_] = [2P — 0o, —oo_].
Now Gal(K/K) acts on the first 6 in the same way as it acts on the roots of g(T), giving the
first condition of the statement. The final claim is that the action on the other 10 matches the

action on the set of partitions of {«a, ..., @} into two indistinguishable 3-element subsets.
For this, simply observe that if {a;, a;,, @i, }, {ei,, @is, @i, } is such a partition, then

[(ai,, 0) + (a3, 0) + (35, 0)] = [(etiy, 0) + (i, 0) + (xi, 0)]
by considering the rational function
(x = a1, (x — a3,) (x = @) [y = ((x = @) (x — i) (x — @) [y) ™.
So the divisors in question can be identified with such partitions of the set {a3, ..., as} of roots

and the action of Gal(K/K) is as desired, yielding the result. O
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Corollary 5.7. We have that both
o 2J(Q) has index 2 inker(x — T), and
o 2J(Q743) has index 2 inker(x — T).

Proof. Poonen uses PARI to compute that the Galois group of g(T) over Q is the full symmetric
group. So the first part of the corollary follows immediately from proposition 5.6.

Poonen also computes that Ly43 := Lg,,, = E X F X F, where E, F are quadratic extensions of
Q743, with E ramified and F unramified. It follows that g(T) does not have a root in Q743, and
that there is no decomposition of its roots over Q743 of the form in proposition 5.6. O

By the first part of the corollary, it remains to show that the image of (x — T) in L*/L*? is
trivial. To do so, the first ingredient is the following lemma.

Lemma 5.8 [FPS97]. The image of (x —T) : J(K) — LI*(/LI’QZK* lies in the kernel of the norm
Npx : Ly /LK — K*/K*.

Proof. If a, .. ., &g are the roots of g(T) over K,and D = >, npP is as in definition 5.5, then

2
NLK/K((X - T)(D)) = rl rl (xp — ;)™ = rl (ylzj)np _ (]—[y;p) c K*2. 0
i P P P

i=1

Next we see what information the primes p of good reduction for C can tell us about the
image of (x — T). This is the second ingredient we need to finish our descent argument.

Definition 5.9. Let S = {2,743, co}. We say | € L* is unramified outside S if the field extension
L(V1)/L is unramified outside of primes lying over primes in §.

This is a property that depends only on the image of [ in L*/L*?, and one shows that the set
of elements of L*/L*? unramified outside S forms a subgroup. Write G for the image of this
subgroup in L*/L*2Q*.

Lemma 5.10 [FPS97]. The image of (x —T) : J(Q) — L*/L*?*Q* is contained in G.
Proof. Given D = }; npP a Q-rational divisor as in definition 5.5 and p ¢ S, set

—_ np
“p—"p( 1—[ Xp )

Vp(xp)<0

where v, is an extension of the p-adic valuation to Q, which in particular is allowed to take on
non-integer values. However, the fact that P is Q-rational implies a, is an integer.

Then importantly, with D fixed, there are only finitely many p ¢ S for which a, is non-zero.
Som = []ygsp® € Q" is well-defined. The proof will be complete if we can show that
m~(x — T)(D) is unramified outside S.

The strategy is to, given p ¢ S and an embedding ¢ : L — @p, show that the valuation of
the image of [ := m™!(x — T)(D) is even. Indeed, we can find an : such that vp(1(1)) is not even
if and only if there is a prime p of L lying over p dividing (/) to odd order. Note that since p ¢ S
does not divide the discriminant of g(T), we have that p does not ramify in L.

If ay, ..., a are the roots of g(T) in @p, then without loss of generality ((T) = ;. Since
g(T) has distinct roots mod p, if P is such that v, (xp — T) > 0 then we have v, (xp — ;) = 0 for
2 < i < 6. So in this case

6
vp(xp = T) =vp(xp — 1) = Vp( H(XP - 051‘)) = Vp(ylza) = 2v,(yp).

i=1
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And if we are in the case v,(xp — T) < 0, then since «; is integral (so in particular v,(a;) > 0),
we have v, (xp — T) = v,(xp). It’s now a matter of computing

p((x=T)D) =vp| |] (xp—T)"P)wp( [] (xp—n"P)

vp (xp=T)<0 Vvp (xp=T)>0

=V, 1_[ x;P)+2 Z npvy (yp)

vp (xp—T)<0 Vp(xp—T)>0

= vp(m) +2 Z npvy(yp),

Vvp (xp=T)>0

an integer

so that v, (l) is even as desired. O

The final piece of information we need to nail down the image of (x — T) over Q comes
from the following diagram.

l |

_T * * *
J(Qr3) — L743/L723@743

The simple observarion is that elements in the image of the top (x — T) map into the image of

the bottom (x — T) in L}, /L32. Q% ..

Theorem 5.11 [P0098]. J(Q) = Z

Proof. By proposition 5.4, it suffices to prove #J(Q)/2J(Q) = 2. And by corollary 5.7, this will
follow from the image of (x — T) in L*/L*2Q* being trivial.

We will use the following elements of the field L, which are revealed by Poonen’s computa-
tions on PARI as significant.

element definition norm
U (T*=T3-T?+2T+1)/2 1
Uy (T*=T3 -T2 +4T +1)/2 1
-1 -1 1
a (T° = 2T3 +T? + 7T +3)/2 23
B (T°> = 5T% +5T? + 6T — 2)/2 743
Bs (T +8T* — 10T3 — 3T% + 35T + 13)/2 7432
Bs (=10T° + 9T* + 14T% — 33T? = 21T +18) /2 743?

We have the factorisations into irreducibles

2 = —atuy, 743 = BB

of the primes which ramify in L. Moreover, the images of the 7 elements in the table form an
[F,-basis for the subgroup of L*/L*? of elements unramified outside {2, 743, oo}.

From norm considerations, the intersection of the subgroup G of lemma 5.10 with the kernel
of the norm to Q*/Q*? is spanned by the images of uy, ;. Indeed, u; = —2a~2 vanishes in
L*/L**Q*, and similarly f, = ;! - 743 ;% has the same image in L*/L**Q" as fs.
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So the proof will be complete if we can show that no non-trivial product of u,, f; maps in
L:,,/L:%.Qz,, to something in the image of (x — T).

Claim. The image of (x —T) in L’7“43/L;‘Z3@;43 has order 2.

By corollary 5.7, this will follow from the index of 2] (Q743) in J(Q743) being 4.

Now, J(Q743) is a 2-dimensional Lie group over Q743. Multiplication by 2 is an n-to-1 map,
where n is the number of 2-torsion points #](Q743) [2]. Arguing as in the proof of proposition 5.6
shows that the 15 non-trivial 2-torsion points of J(Q743) are [(a;, 0) + (aj, 0) — 0o, —co_] where
a;, o are distinct roots of g(T) over Q743. From the decomposition of Ly43, we deduce exactly 3
of these are defined over Q743.

So #]J(Q743)[2] = 4. Since the 743-adic norm |2|743 is 1, multiplication by 2 preserves the
Haar measure on J(Q743), and we deduce that the index of 2J(Q743) in J(Q743) is indeed 4.

Claim. The image of (x —T) in L;‘43/L;“§3Q§43 is generated by (2 —T).
Hensel’s lemma implies that V33 e 743, so that

[(2,V33) — co_] € J(Qra3),

which gets mapped to (2 — T) by (x — T). Note this divisor is not of the form in definition 5.5,
so this requires an understanding of how (x — T) is extended to J(K) — see [Cas83].

The claim will follow from (2 — T) ¢ L:3,Q*. This is implied by following stronger claim,
which also completes the proof of the theorem.

Claim. The elements (2 — T), uy, B> are [Fy-independent in L;‘43/L;‘§3@;43.

Since —1 is not a square mod 743, we have that Q},,/Q?Z, is generated by —1 and 743. So

if the claim were not true, we’d have some product p of {—1,743, (2 — T), up, f»}, involving at
least one of the last 3, lying in L2,

Now recall L = E X F X F, where F is the unramified quadratic extension of Q743, namely
F = Q743(V—1). Then since —1 is a square in F, we reduce to a product of {743, (2 — T), uy, B2}
mapping into F** x F*2,

Since the f3-adic valuation of p is even, we can rule out the presence of 743 in p. And then
considering the f;-adic valuation in turn rules out the presence of f,.

We arrive at the situation where a non-trivial product of (2 — T), u, maps into F*? x F*2,
We can now start to do hands-on computations. The factorisation of g(T) over Fy43 is

g(T) = (T +45)* - (T* + 83T + 426) - (T* + 570T + 688).
We have isomorphisms of the residue fields of each F with Fyu5: = Fr43(V—1) as follows:
Fra3[T]/(T? + 83T + 426) — Fr43(V-1)
T+ 330 + 2V~-1
and
Fras[T]/(T? + 570T + 688) — F43(V—1)
T > 458 + 44V 1.

So (2—T) maps in the second copy of F to something congruent to —456 —44V—1 in the residue
field. And it is straightforward to verify this is a square in F743(V—1), with PARI giving a square
root as 502 + 71V—1. By Hensel’s lemma, (2 — T') maps to a square in the second copy of F.
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But taking norms and computing Legendre symbols shows that (2 — T) does not map to a
square in the first copy of F, and that u, maps to a square in neither copy of F. It follows that
no non-trivial product of (2 — T), u, maps to a square in both copies of F, and the proof of the
theorem is complete at last. O

5.3 The method of Chabauty and Coleman

To study C(Q) itself, we apply a refinement of a method of Chabauty [Cha41] and Cole-
man [Col85], as discussed at the start of the section. We start with the following map j.

Definition 5.12. Let P € C(Q). Then j(P) € J(Q) is given by
j(P) =[P+P]=[P+P— oo, —oo_].
Remark. Here and in the following, we identify divisor classes of degrees 2 and 0 via
[P+Q] = [P+Q —ocoy —co].
Lemma 5.13. The map j is injective.

Proof. We have shown in lemma 5.4 that J(Q) in particular has no 2-torsion. So if j(P) = j(Q),
then [P — Q] = 0 follows. Since C is certainly not P!, we are done. O

Theorem 5.11 tells us that J(Q) = Z but does not give a generator. Our next result is that
D = [oo; — co_], while as far as we know not necessarily a genuine generator for J(Q), is a
generator for J(Q) in the following 3-adic sense.

Lemma 5.14 [Po098]. Let E be a generator for J(Q) = Z, and write D = kE withk € Z. Then k
is not divisible by 3. In particular any element of J(Q) is of the form n’D for some n’ € Z5.

Proof. We use the reduction map J(Q) — J([Fs3). Recall we have #J([F;) = 27. Using the group
law on J(Q) as described in [Fly93], Poonen computes

9D = [(-1,—-1) + (0, 1)], 27D = [(1,-3) + (1,-3)].

And it is a simple computation that the image 9D € J(F3) of 9D under the reduction map is
non-zero. So D ¢ 3] ([F3) and the lemma follows. O

The strategy now is to cover the image of j with a collection of charts U; c J(Qs), one for
each point of the reduction C([F;). The elements of j(C(Q)) within a given U; correspond to
the points of C(Q) with a given reduction in C([F3).

The reductions of the 8 known rational points on C,

(0,+1), (1,£3), (-1,+1), oo,

give us all 7 points of C([F3) — the points (1, +3) have the same reduction.
Now if D’ = 27D, then each U; will be a 3-adic disk of the form

Up = {[P+P]+nD :n€Zs} C J(Qs)

with P one the known points in C(Q). That these charts cover the image of j follows from the
observation that any element in the kernel of the reduction J(Q) — J([F;) is of the form nD’
for some n € Zs. It is this fact, which follows from the above arguments, that depends crucially

on J(Q) = Z.
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Theorem 5.15 [P0098]. Each Up with P # (1,£3) contains exactly 1 point in the image of j.

Proof. The argument, which goes back to [FPS97], is that the condition that the divisor class
[P + P] + nD" € Up be of the form [Q + Q], for some Q € C(Q3), implies the vanishing of a
certain power series 6p(n) € Z3[n].

Finding 0p(n) involves using the formal group law on J(Qs). [Fly93] gives rational functions
(s1, s2) which serve as the coordinates of a point [(x1,y1) + (x2,y2)] € J(Qs3) relative to the
group identity. In this context, the formal group law then refers to a pair F = (%1, %) of
power series in the variables sy, sy, t1, £, Which return the coordinates of the sum, in the group
law, of the points with coordinates (s1,s2) and (t1, t3).

Flynn also describes how one can determine (%7, %) to any desired degree of accuracy,
and similarly for the associated formal exponential map

E = (El, Ez), g(E(Sl, 32), E(tl, tg)) = E(Sl + 11,89 + tg)
and formal logarithm map

L = (Ly, L), L(F ((s1,82), (t1,12))) = L(s1,82) + L(t1, t2).

This lets Poonen compute the formal logarithm of D’ to the following degree of accuracy:
I, = Li(D’) = 3 (mod 3%), l, = Ly(D’) = 75 (mod 3%). (%)

Another ingredient we need from [Fly93] are power series (ky, k2, k3) in the coordinates (s, sz)
of [(x1,y1) + (x2,y2)] € J(Q3) that recover the triple (1 : x; + x5 : x1x3). If a divisor class is of
the form [Q + Q], then in particular it lies in the zero set of k3 — 4k;ks.

Now, for each known rational point P # (1, +3), use (*) to compute

Op(n) = (k2 — 4kiky) ([P + P] + nD’)

with enough 3-adic accuracy that Strassman’s theorem — see e.g. [Cas86], page 62 — can be
applied to show that 0p(n) has exactly one zero in Z;.
Poonen is able to compute

« 0(_11)(n) = 3n (mod 3?),
« 0(0.1)(n) = 6n (mod 3%),
¢ O, (n) = 6n (mod 3%),

which is exactly of the form required to apply Strassman’s theorem as desired. The hyperelliptic
involution on C then completes the proof for U1 _1), U(g-1) and Us_ too. O

In principle, one could run the above argument to show there are only two points in the
image of j within U(; +3). However, the reduction (1,0) is a Weierstrass point of C over [ and
this introduces complications. The power series 0(; 3)(n) is divisible by large powers of 3, and
one would have to work to a prohibitive degree of accuracy to obtain results.

Instead, we argue in the following way.

Lemma 5.16 [Po098]. There is a power series £(t) € Zs[t] which starts

3 31 105 15269
Et)y=1-=t— —t*+ t+ t*+
8 512 16384 2097152
such that if we let t range over 375, then (£(t), —3 + t) parametrises those points of C(Qs) with

reduction (1,0) € C([F3).
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Proof. Since t = y + 3 is a uniformising parameter for C at (1, —3), there is a unique power
series £(t) € Q¢] starting as above such that (£(¢), =3 + t) is a point of C over Q[¢].

Now, the same t also serves as a uniformising parameter over Fs, from which it follows
that the coefficients of £(t) are in Zs.

And hence whenever ¢t € 3Z3, the power series converges 3-adically and we obtain a point
(&(t),-3+1t) € C(Q3) as desired.

It remains to justify that these are all the elements of C(Q3) with reduction (1, 0). Observe
that x = 1 is a simple root of

g(x) =x® —2x* +2x° +5x° + 2x + 1

over 5. Then by Hensel’s lemma, given a value —3 + ¢ for the y-coordinate, with t € 3Z5, there
is a unique x € Z3 with x = 1 (mod 3) such that (x, -3 +1t) € C(Q3). So we know that x = &(t)
from the above and the proof is complete. O

Theorem 5.17 [Po098]. The only rational points on C with reduction (1,0) € C(F3) are (1, £3).

Proof. Using lemma 5.16, the strategy is to show that if t = 3n € 3Z3, then P, = (£(t),—-3+1) is
a rational point on C only for the known values n = 0, 2.
If P; is indeed rational, then the divisor class D; = [P; + (1, 3)] lies not just in J(Q3) but in
J(Q). And note that in general, the reduction of D; in J([Fs) is always zero, since
div(x — 1) =2(1,0) — 0oy — co_ over [Fs.

So if P; is rational, then by the discussion following lemma 5.14, it follows that D; is a 3-adic
integer multiple of D’.

Poonen detects this by taking the formal logarithm of D;, using the formulas in [Fly93] as
in the proof of theorem 5.15. If t = 3n this gives

Li(D;) = 66n + 54n° (mod 3%),
Ly(D;) = 66n +27n* +72n°  (mod 3%).
If P; is rational, then the determinant

Li(Dy) La(Dy)
h L

must vanish, where [, [, are as in (x). We compute

A(n) =

A(n) = 54n+27n°  (mod 3%).

So by Strassman’s theorem, there are at most 3 values of n € Z3 such that A(n) = 0.

Two of these are the desired n = 0, 2. We claim there is a final zero at n = 1, but that the
resulting point W = (£(3),0) on C is not rational. Indeed, the polynomial g(x) is irreducible
over Q so there are certainly no rational points on C whose y-coordinate is zero. Still,

2D; = 2[W +(1,3)]
=[(1,3) +(1,3)] + [W + W]
=[(1,3) +(1,3)]
=—[(1,-3) +(1,-3)]
- -D,
from which it follows that A(1) is indeed zero.

Since these are all the possible zeroes of A(n), we have covered all the rational points of C
with the desired reduction and the proof is complete. O
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We can now state with confidence the following result, which follows at once from theo-
rems 5.15 and 5.17. This completes the proof of theorem 4.3.

Corollary 5.18. There are exactly 8 rational points on the curve
C:xb—2xt+2x+5x% +2x + 1,

and these are
(-1,%1), (0,%1), (1,%£3), oo4.
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